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SUMMARY 
The paper  p r e s e n t s  a n u m e r i c a l  method for t h e  s t u d y  of s t e a d y ,  t r a n s o n i c ,  
t u r b u l e n t ,  v i s c o u s  f l o w  t h r o u g h  p l a n e  t u r b i n e  cascades.  The g o v e r n i n g  equa- 
t i o n s  a r e  w r i t t e n  i n  Favre-averaged form and c l o s e d  w i t h  a f i rs t  o r d e r  mode l .  
The t u r b u l e n t  q u a n t i t i e s  a r e  exp ressed  a c c o r d i n g  t o  a t w o - e q u a t i o n  K-E model 
M e where low Reyno lds  number and c o m p r e s s i b i l i t y  e f f e c t s  a r e  i n c l u d e d .  The s o l u -  
.a- u3 t i o n  i s  o b t a i n e d  b y  u s i n g  a pseudo-unsteady method w i t h  improved p e r t u r b a t i o n  
I p r o p a g a t i o n  p r o p e r t i e s .  The e q u a t i o n s  a r e  d i s c r e t i z e d  i n  space by  u s i n g  a 
w 
f i n i t e  vo lume f o r m u l a t i o n .  
a l g o r i t h m  i s  t h e n  used t o  advance t h e  f low e q u a t i o n s  i n  t h e  pseudo- t ime.  
F i r s t  r e s u l t s  o f  c a l c u l a t i o n s  compare f a i r l y  w e l l  w i t h  e x p e r i m e n t a l  d a t a .  
An e x p l i c i t  m u l t i s t a g e  d i s s i p a t i v e  Runge-Kut ta  
INTRODUCTION 
A s  t h e  e f f i c i e n c y  l e v e l s  o f  t u r b i n e  eng ines  c o n t i n u e  t o  i n c r e a s e ,  t h e  
a c c u r a t e  p r e d i c t i o n  o f  b l a d e  pe r fo rmances  becomes i n c r e a s i n g l y  c r i t i c a l  i n  t h e  
deve lopment  and d e s i g n  p r o c e s s .  A l t h o u g h  n u m e r i c a l  methods t o  s o l v e  s t e a d y ,  
t r a n s o n i c ,  t u r b u l e n t ,  v i s c o u s  flows have been deve loped ,  e f f o r t s  t o  a p p l y  
t h e s e  methods to  t h e  c a l c u l a t i o n  o f  per formance o f  t u r b i n e  b l a d e s  have so f a r  
p roved  somewhat u n s a t i s f a c t o r y .  T h i s  i s  m a i n l y  due t o  t h e  f a i l u r e  o f  p r e s e n t  
m a t h e m a t i c a l  models  t o  c o n s i s t e n t l y  s i m u l a t e  t h e  complex phenomena i n h e r e n t  i n  
t h e s e  f l o w s .  Fu thermore ,  a d d i t i o n a l  p rob lems a r i s e  due t o  t h e  p r e s e n c e  of 
n u m e r i c a l  v i s c o s i t y  i n  t h e  s o l u t i o n  a l g o r i t h m ,  sometimes of t h e  same o r d e r  of 
magn i tude  o f  t h e  p h y s i c a l  one.  
P r e v i o u s  c a l c u l a t i o n s  have been p e r f o r m e d  b y  u s i n g  t h e  s i m p l i f y i n g  assump- 
t i o n  o f  l o c a l  e q u i l i b r i u m  c o n d i t i o n s  and t h e n  e v a l u a t i n g  t h e  t u r b u l e n t  v i s c o s -  
i t y  c o e f f i c i e n t  v i a  a g e n e r a l i z e d  m i x i n g  l e n g t h  f o r m u l a  ( r e f .  1 ) .  These 
c a l c u l a t i o n s  have p r o v e d  t o  l e a d  t o  q u i t e  a c c u r a t e  p r e d i c t i o n s  of b l a d e  p r e s -  
s u r e  d i s t r i b u t i o n s  a t  d e s i g n  p o i n t  c o n d i t i o n s ,  b u t  i n  an a n a l y s i s  of b l a d e  p e r -  
formances,  w h i l e  q u a l i t a t i v e  b e h a v i o r  o f  loss g e n e r a t i o n  has been c o r r e c t l y  
p r e d i c t e d ,  p r e d i c t i o n s  o f  q u a n t i t a t i v e  b e h a v i o r  must  s t i l l  be f u r t h e r  improved .  
F u r t h e r m o r e ,  i n  p e r f o r m i n g  c a l c u l a t i o n s  o f  s e p a r a t e d  f lows, o n l y  q u a l i t a t i v e  
r e s u l t s  can be o b t a i n e d  b y  r e t a i n i n g  t h e  assumpt ion  o f  l o c a l  e q u i l i b r i u m  c o n d i -  
t i o n s ,  as c l e a r l y  r e p r e s e n t e d  by  backward f a c i n g  s t e p  f low c a l c u l a t i o n s .  
*Un i  v e r s i  t y  v i  s i  t o r ,  
The work p resen ted  h e r e  i s  f o c u s e d  on  d e v e l o p i n g  low-Reynolds number and 
c o m p r e s s i b l e  K-E t u r b u l e n c e  models  for s o l v i n g  t h e  p r o b l e m  o f  c o r r e c t l y  p r e -  
d i c t i n g  b l a d e  pe r fo rmances .  The method i n c l u d e s  low Reynolds number t e r m s ,  so 
t h a t  t h e  e q u a t i o n s  a r e  v a l i d  a l l  o v e r  t h e  l a m i n a r ,  t r a n s i t i o n ,  and t u r b u l e n t  
r e g i o n  ( r e f .  2 ) .  F u r t h e r m o r e ,  t h e  method i n c l u d e s  a d e n s i t y  g r a d i e n t  t e r m  t o  
b e t t e r  s i m u l a t e  v a r i a b l e  d e n s i t y  e f f e c t s .  
The s o l u t i o n  i s  o b t a i n e d  by  u s i n g  a pseudo-uns teady  method w i t h  improved  
p e r t u r b a t i o n  p r o p a g a t i o n  p r o p e r t i e s  ( r e f .  3). The e q u a t i o n s  a r e  d i s c r e t i z e d  
i n  space by  u s i n g  a f i n i t e  volume f o r m u l a t i o n .  An e x p l i c i t  m u l t i - s t a g e  d i s s i -  
p a t i v e  Runge-Kut ta  a l g o r i t h m  i s  t h e n  used t o  advance t h e  f low e q u a t i o n s  i n  t h e  
pseudo- t ime.  M u l t i - s t a g e  schemes f o r  t h e  n u m e r i c a l  s o l u t i o n  o f  o r d i n a r y  d i f -  
f e r e n t i a l  e q u a t i o n s  a r e  u s u a l l y  d e s i g n e d  t o  g i v e  a h i g h  o r d e r  o f  a c c u r a c y ,  b u t  
i n  a pseudo-unsteady s o l u t i o n  t h e s e  schemes a r e  s e l e c t e d  o n l y  f o r  t h e i r  p r o p e r -  
t i e s  o f  s t a b i l i t y  and damping. The enhanced s t a b i l i t y  o f  a f o u r - s t a g e  scheme 
a l l o w s  one t o  c o n s i d e r a b l y  reduce  t h e  n u m e r i c a l  v i s c o s i t y  o f  t h e  d i s s i p a t i v e  
t e r m s .  
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SYMBOL L IST 
cons t a n  t 
Couran t  number 
d i f f u s i o n  v e c t o r  
t o t a l  s p e c i  f i c energy  
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t u r b u l e n c e  k i n e t i c  e n e r g y  
i ndex  o f  t h e  m u l t i s t a g e  a l g o r i t h m  
l e n g t h  s c a l e  o f  t u r b u l e n t  m o t i o n s  
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i ndex  o f  t h e  t e m p o r a l  d i s c r e t i z a t i o n  
u n i t  o u t w a r d  normal  
u p d a t i n g  r a t e  
p r o d u c t i o n  o f  t u r b u l e n c e  k i n e t i c  ene rgy  
P r a n d t l  number 
p r e s s u r e  
work due t o  t u r b u l e n c e  
h e a t  f l u x  v e c t o r  
low Reynolds number t e r m  
Reyno lds  number 
sou rce  v e c t o r  
Schmid t  number 
r e s i d u a l  
t i m e  
t u r b u l e n c e  i n t e n s i t y  
v e l o c i t y  
vol ume 
a r i a 1  c o o r d i n a t e  
t a n g e n t  i a 1 coord i na t e  
f low a n g l e  
p e r t u r b a t i o n  speed 
s p e c i f i c  h e a t  r a t i o  
c h a r a c t e r i s t i c  volume d i m e n s i o n  
t i m e  s t e p  
s u r f a c e  a r e a  
t u r b u l e n c e  k i n e t i c  ene rgy  d i s s i p a t i o n  r a t e  
k i n e t i c  ene rgy  loss c o e f f i c i e n t  
3 
9 multistage scheme coefficient 
IC thermal conductivity 
P viscosity coefficient 
P density 
c boundary of the fixed volume 
'I: viscous stress tensor 
n artificial viscosity coefficient 
Subscripts 
i i nvi sci d 
i s i sentropi c 
1 1 ami nar 
t turbulent 
V viscous 
0 total 
1 inlet 
2 outlet 
GOVERNING EQUATIONS 
The unknown vector f is the solution o f  a system of conservat 
tions. This system is written Favre-averaged, dimensionless, vector 
form as follows 
c V 
on equa- 
i n tegra 
The basic dependent variables are density, velocity, and energy. Their 
conservation equations read as follows 
J 
4 ' 
where from the equation o f  state of a perfect gas 
P =  ( y - 1 )  p .  e 
with 
2 2 
e = (E - v 1 2 )  = (H - v /2)/y 
The stress tensor T is the sum of a laminar and a turbulent part, where 
the latter is expressed according t o  a classical eddy viscosity concept, i.e. 
T = - 2 1 3  - (p/Re div(V> + p K> I + 2 . p1Re - (def(V)> 
where 
1.I = PQ + pt 
Similarly, the heat flux vector is given by 
q = -y . k grad(e>/(Re - Pr) 
k = kQ + kt 
The turbulent viscosity coefficient is expressed according with the 
Prandtl-Kolmogorov formulation 
while 
The turbulence variables are the turbulence kinetic energy and i t s  dissi- 
pation rate. Their conservation equations are written in the following low 
Reynolds number and compressible form 
5 
F" = (") 
where t h e  p r o d u c t i o n  o f  t u r b u l e n t  ene rgy  from t h e  mean flow energy  P and t h e  
work due to  t u r b u l e n c e  Q a r e  g i v e n  by  
P = p t -  ( d e f ( V >  : d e f ( V > ) / R e  
t h e  low Reyno lds  number f u n c t i o n s  a r e  g i v e n  b y  ( r e f .  2) 
f = exp(-3.4/(1. + R e t / 5 0 . ) )  
P 
f,, = 1.0 
= 1 .0  - 0.33 exp(-Ret) 2
R = -2. P~ * ( g r a d e ( & ) >  2 /Re 
* E 2  
E 
R - -2. 'Q . (grad(K) ) ' /Re K -  
where 
Ret = p K 2  Re/ (pk  E )  
, and t h e  model c o n s t a n t s  a r e  assumed as 
CE, = 1 .43  CE2 = 1.92 s c  = 1 . 3  
E 
c = 0 . 0 9  
c1 
c = 1.0 
P 
S C K  = 1 . o  
I 
I The above two e q u a t i o n  model does n o t  t a k e  i n t o  a c c o u n t  t h e  p r e f e r e n t i a l  
I damping o f  v e l o c i t y  f l u c t u a t i o n s  i n  t h e  d i r e c t i o n  normal  t o  t h e  w a l l ,  b u t  i t  
i s  q u i t e  genera l  and i t  i s  u s e f u l  i n  l a m i n a r ,  t r a n s i t i o n ,  and t u r b u l e n t  
r e g i o n s .  Fu r the rmore ,  t h e  model adop ts  t h e  assumpt ions  and a p p r o x i m a t i o n s  
wh ich  a r e  n o r m a l l y  used for c o n s t a n t  d e n s i t y  f lows, by  r e t a i n i n g  t h e  g r a d i e n t  
d i f f u s i o n  model t o  be r e w r i t t e n  i n  t h e  d e n s i t y  w e i g h t e d  form w i t h o u t  any ! 
6 
e x p l i c i t  a c c o u n t  b e i n g  t a k e n  o f  d e n s i t y  f l u c t u a t i o n s .  However, t h e  i n t r o d u c -  
t i o n  of t h e  c o m p r e s s i b i l i t y  t e r m  Q a l l o w s  a p a r t i a l  c o n s i d e r a t i o n  o f  var - ia -  
b l e  d e n s i t y  e f f e c t s .  
A long  t h e  i n f l o w  boundary ,  t h e  t o t a l  p r e s s u r e ,  t o t a l  d e n s i t y ,  f low a n g l e ,  
i n l e t  t u r b u l e n c e  l e v e l ,  and l e n g t h  s c a l e  o f  t h e  t u r b u l e n t  m o t i o n s  a r e  s p e c i -  
f i e d ,  w h i l e  t h e  Mach number i s  e x t r a p o l a t e d  from t h e  i n t e r i o r .  A l o n g  t h e  o u t -  
flow boundary ,  t h e  s t a t i c  p r e s s u r e  i s  s p e c i f i e d ,  and a l l  t h e  o t h e r  v a r i a b l e s  
a r e  e x t r a p o l a t e d .  A l o n g  t h e  s o l i d  b o u n d a r i e s ,  t h e  no  s l i p  c o n d i t i o n  r e q u i r e s  
t h e  v a n i s h i n g  o f  v e l o c i t y ,  t u r b u l e n c e  k i n e t i c  e n e r g y ,  and t u r b u l e n c e  k i n e t i c  
ene rgy  d i s s i p a t i o n  r a t e ,  t h e  l a t t e r  i n t e n d e d  t o  be t h e  m o d i f i e d  q u a n t i t y  used 
i n  t h e  c o n s e r v a t i o n  e q u a t i o n s .  F u r t h e r m o r e ,  f o r  a d i a b a t i c  f lows, t h e  s p e c i f i c  
i n t e r n a l  e n e r g y  g r a d i e n t  normal  t o  t h e  w a l l  i s  s e t  equa l  t o  z e r o .  The d e n s i t y  
i s  f i n a l l y  e x t r a p o l a t e d  by  t h e  i n t e r i o r .  
NUMERICAL S O L U T I O N  
The p roposed  e q u a t i o n s  a r e  s o l v e d  i n  two-d imens iona l  g e o m e t r i e s  by  u s i n g  
a pseudo uns teady  method w i t h  a f i n i t e  vo lume,  d i s s i p a t i v e ,  e x p l i c i t  d i s c r e t i -  
z a t i o n .  The s o l u t i o n  o f  t h e  s t e a d y  e q u a t i o n s  i s  o b t a i n e d  as t h e  a s y m p t o t i c  
s o l u t i o n  o f  t h e  f o l l o w i n g  a r t i f i c i a l  uns teady  e q u a t i o n s  
V c V 
These uns teady  e q u a t i o n s  a r e  g e n e r a l l y  c o n s t r u c t e d  i n  o r d e r  t o  o b t a i n  t h e  b e t -  
t e r  convergence r a t e ,  o b v i o u s l y  p r o v i d i n g  t h a t  t h e  s t e a d y  s t a t e  s o l u t i o n  i s  
n o t  a1 t e r e d .  
From t h e  i d e n t i t y  between t h e  convergence p r o c e s s  and t h e  e l i m i n a t i o n  
p r o c e s s  of t h e  i n i t i a l  p e r t u r b a t i o n s  t o  t h e  s t e a d y  s o l u t i o n ,  t h e  convergence 
pa ramete rs  a r e  d e t e r m i n e d  i n  o r d e r  t o  improve t h e  p e r t u r b a t i o n  p r o p a g a t i o n  or  
damping. We use ( r e f .  3) 
H = S r / P  P ma x 
0 0 0 0 
1 0 0 0 
0 1 0 0 
0 0 0 1 
0 0 0 0 
where 
2 f, = min(M - l . ,  0) 
7 
cP ) f ,  = max(fl + l . ,  
Cp is a small positive number, and 
2 2 2 112) 13, = V * ( ( 1 .  + M > / 2 .  + [((l. - M )/2.> + 1 . 1  
p2 = V ( 1 .  + 1 .  / M >  
These convergence parameters produce an improved ratio for subsonic flows 
between the speeds of the fastest and slowest perturbation (ref. 31,  and there- 
fore result in an improved propagation. 
These equations are then discretized in space by using a finite volume 
discretization. The mesh is nonorthogonal and curvilinear, conforming to the 
boundaries of the domain, with lines intersecting at arbitrary angles, prop- 
erly refined where high gradients are expected to occur. The discretization 
nodes, located at the intersection o f  these lines, are the centers of hexago- 
nal control volumes, obtained by connecting the six surrounding nodes. A 
sample computational domain and the hexagonal control volume are shown in 
figure 1 .  
The discretized equations are written as follows (refs. 2 and 4) 
where the subscript j refers to every face of the finite volume. The discre- 
tization is second order accurate on smoothly varied meshes. 
The equations are finally discretized in time by using an explicit, dis- 
sipative discretization. Let the previous equation be rewritten with the addi- 
tion of  a dissipative term as follows 
af T(f> + D ( f >  -at = 
where T represents the residual and D is the dissipative term. 4n explic- 
it k-stage Runge-Kutta algorithm, based on the work of Jameson (ref. 61, may 
be written as follows 
f(l> = f(o) 6t 
. 
a 
e 
Q = C Q1 
m+ 1 ( k )  = f  
6 m  m 
1 .  - CQ2* 116 C ( p j  - p 1 
A f o u r - s t a g e s  scheme, w i t h  t h e  s t a n d a r d  c o e f f i c i e n t s  
01 = 114 82 = 113 83 = 112 
has a Couran t  l i m i t  CFL = 2 . 8  ( r e f s .  6 and 7 ) .  I f  t h e  d i s s i p a t i v e  p a r t  i s  
e v a l u a t e d  o n l y  once,  t h e  scheme has a s l i g h t l y  reduced  Couran t  l i m i t  CFL = 2 . 6  
( r e f .  6 1 ,  b u t  i t  i s  c o m p u t a t i o n a l l y  more e f f i c i e n t .  
I n  o r d e r  t o  f u r t h e r  improve t h e  c o m p u t a t i o n a l  e f f i c i e n c y ,  t h e  d i s s i p a t i o n  
i s  c o r r e c t e d  and t h e  v i s c o u s  t e r m s  a r e  e v a l u a t e d  o n l y  a t  f i x e d  i t e r a t i o n s .  
Then t h e  k - s t a g e  scheme can be c o n v e n i e n t l y  r e w r i t t e n  as f o l l o w s  
f ( k )  = f ( O )  - 6 t  . [T ( f ' k - l ) )  
f m+ 
The Couran t  l i m i t  remains  s u b s t a n t i a l  
( k )  = f  
y una1 t e r e d .  
The d i s s i p a t i v e  t e r m s  a r e  g i v e n  as f o l l o w s  ( r e f .  2 )  
6 
Dm = 1 / ( 6  6 t )  c (fm - fm> 
j = 1  J 
and 
I j=l 
The s u b s c r i p t  j r e f e r s  now t o  e v e r y  s u r r o u n d i n g  node 
f i n i t e  volume a p p r o x i m a t i o n ,  and t h e  s u p e r s c r i p t  rn r e f e r s  
i n v o l v e d  i n  t h e  
t o  l o c a l  t i m e  
m S t .  The t e r m s  r e f e r r i n g  t o  t i m e  mi - 6 t  . a r e  upda ted  o n l y  a t  s p e c i f i c  
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i t e r a t i o n s  and assumed c o n s t a n t  between two u p d a t i n g s .  The u p d a t i n g  r a t e  i s  
t aken  equa l  t o  NV i t e r a t i o n s ,  where NV i s  equa l  t o  25 ,  as a r e s u l t  o f  a 
n u m e r i c a l  o p t i m i z a t i o n .  
The d i s s i p a t i v e  t e r m  D i s  an a p p r o x i m a t i o n  o f  second o r d e r  d i f f e r e n c e s .  
W i t h o u t  c o r r e c t i o n ,  t h e  a r t i f i c i a l  v i s c o s i t y  c o e f f i c i e n t  i s  o f  t h e  o r d e r  o f  
&r2/&t ,  and t h e  scheme i s  o n l y  f i rs t  o r d e r  a c c u r a t e .  When t h e  v i s c D s i t y  i s  
cor 
o f  
a r e  
r a t  
e c t e d  and Q = 1 - 0 ( 6 r > ,  t h e  v i s c o s i t y  has a c o e f f i c i e n t  o f  t h e  o r d e r  
6 r 3 / 6 t ,  and t h e  scheme i s  second o r d e r  a c c u r a t e .  
C Q ~  and C Q ~  a r e  v e c t o r s  o f  c o e f f i c i e n t s ,  i . e . ,  t h e  v i s c o s i t y  c o e f f i c i e n t s  
dependent  on  t h i s  p a r t i c u l a r  e q u a t i o n ,  f o r  an improved a c c u r a c y l c o n v e r g e n c e  
o ( r e f .  2 ) .  
The f o u r - s t a g e  Runge-Kut ta  a l g o r i t h m  adop ted  h e r e  r e p l a c e s  an E u l e r  a l g o -  
r i t h m ,  i . e . ,  a one-s tage Runge-Kut ta  a l g o r i t h m  ( r e f s .  1 t o  3). Due t o  t h e  
enhanced s t a b i l i t y ,  t h e  t o t a l  amount o f  t h e  n u m e r i c a l  v i s c o s i t y  i s  c o n s i d e r a b l y  
r e d u c e d .  T h i s  i s  t h e  ma in  advantage o f  t h e  p r e s e n t  t i m e  i n t e g r a t i o n ,  s i n c e  t h e  
t o t a l  CPU t i m e  rema ins  s u b s t a n t i a l l y  u n a l t e r e d ,  t h e  r e d u c t i o n  i n  t h e  number o f  
t i m e  s t e p s  due t o  convergence b e i n g  ba lanced  by  t h e  i n c r e a s e  i n  t h e  computa- 
t i o n a l  t i m e  r e q u i r e d  b y  e v e r y  t i m e  s t e p .  I f  we a s s i g n  two work u n i t s  t o  t h e  
e v a l u a t i o n  o f  t h e  r e s i d u a l  ( t h e r e  a r e  b o t h  v i s c o u s  and i n v i s c i d  c o n t r i b u t i o n s )  
and one work u n i t  t o  t h e  e v a l u a t i o n  o f  t h e  d i s s i p a t i v e  t e r m  and we d e f i n e  t h e  
e f f i c i e n c y  of t h e  scheme as t h e  p e r m i t t e d  CFL number d i v i d e d  by t h e  number o f  
work u n i t s ,  t h e  one-s tage scheme has an e f f i c i e n c y  o f  a b o u t  2 . 6 / ( 5  + 2 / N V ) ,  
i . e .  a b o u t  t h e  same e f f i c i e n c y .  
The t i m e  s t e p  i s  e v a l u a t e d  a c c o r d i n g  t o  t h e  c l a s s i c a l  CFL s t a b i l i t y  l i m i t  
a l l  o v e r  t h e  c o m p u t a t i o n a l  domain.  I t  i s  t a k e n  s l i g h t l y  s m a l l e r  t h a n  t h e  l o c a l  
CFL number i n  o r d e r  t o  t a k e  i n t o  accoun t  t h e  n e g l e c t e d  s t a b i l i t y  l i m i t  due t o  
t h e  v i s c o u s  te rms .  
Due to  t h e  e f f i c i e n t  pseudo uns teady  s o l u t i o n ,  t h e  method appears  t o  be 
r a t h e r  f a s t ,  w h i l e  t h e  e x p l i c i t  f i n i t e  volume d i s c r e t i z a t i o n  a l l o w s  ease o f  
u n d e r s t a n d i n g  and computer  programming.  
RESULTS 
The t u r b u l e n c e  model has been p r e v i o u s l y  a p p l i e d  t o  t h e  c o m p u t a t i o n  o f  
backward f a c i n g  s t e p  f lows, i n  o r d e r  t o  t e s t  t h e  p r e d i c t i o n  c a p a b i l i t y  o f  t h e  
low Reyno lds  number f o r m u l a t i o n  when d e a l i n g  w i t h  s t r o n g l y  r e c i r c u l a t i n g  f lows 
( r e f .  2). The computed l e n g t h  of t h e  r e c i r c u l a t i o n  r e g i o n  g e n e r a l l y  compares 
f a i r l y  w e l l  w i t h  t h e  e x p e r i m e n t a l  one.  Fo r  a n e a r l y  i n c o m p r e s s i b l e  f low,  a 
Reyno lds  number (based on  s t e p  h e i g h t  and i n l e t  flow c o n d i t i o n s )  o f  42 000 and 
an expans ion  r a t i o  o f  0 .66 ,  t h e  p r e d i c t e d  r e a t t a c h m e n t  l e n g t h  i s  7 .50 a g a i n s t  
a measured v a l u e  o f  7 .33  ( r e f .  2 ) .  F u r t h e r  c a l c u l a t i o n s  pe r fo rmed  hy  m o d i f y i n g  
t h e  Reyno lds  number, t h e  i n l e t  t u r b u l e n c e  l e v e l ,  o r  t h e  i n l e t  l e n g t h  s c a l e  o f  
t h e  t u r b u l e n c e  have shown t h e  e x p e c t e d  b e h a v i o r .  
Sample c a l c u l a t i o n s  a r e  p e r f o r m e d  h e r e  o n  a t r a n s o n i c  t u r b i n e  p r o f i l e .  
The b l a d e  t e s t e d  i s  a mean s e c t i o n  o f  a gas ro tor  b l a d e .  The b l a d e  cascade i s  
shown i n  f i g u r e  2 .  The b l a d e  c o o r d i n a t e s  and e x p e r i m e n t a l  v e l o c i t y  d i s t r i b u -  
t i o n s  a r e  g i v e n  i n  ( r e f .  51, w h i l e  t h e  e x p e r i m e n t a l  k i n e t i c  e n e r g y  loss c o e f f i -  
c i e n t  d i s t r i b u t i o n s  a r e  g i v e n  i n  ( r e f .  8 ) .  
C a l c u l a t i o n s  were p r e f o r m e d  on  a v e r y  f i n e  c o m p u t a t i o n a l  g r i d ,  made up of 
141 p i t c h w i s e  l i n e s ,  91 between l e a d i n g  and t r a i l i n g  edge,  and 61 pseudo 
st ream1 i n e s .  About  20x103 i t e r a t i o n s  a r e  p e r f o r m e d  b e f o r e  convergence .  The 
t o t a l  CPU t i m e  on  a VAX 8800 i s  l e s s  t h a n  60 h .  
The i n l e t  t o t a l  t e m p e r a t u r e  i s  T o 1  - 280 K .  The i n l e t  t o t a l  p r e s s u r e  v a r -  
i e s  more or l e s s  l i n e a r l y  w i t h  t h e  o u t l e t  i s e n t r o p i c  Mach number, t h e  l a t t e r  
d e f i n e d  as fol lows 
and p o l  - 1 . 5  b a r  a t  M2 is  - 0.8, p o i  - 2.75 b a r  a t  M2 is  - 1 . 4 .  The i n l e t  
Reyno lds  number, based on  i n l e t  c o n d i t i o n s  and b l a d e  c h o r d ,  c a r r i e s  l i n e a r l y  
w i t h  t h e  o u t l e t  i s e n t r o p i c  Mach number i n  t h e  same r a n g e ,  I t  i s  Re1 - 300 000 
a t  M 2 i s  - 1 . 4 .  
o u t l e t  i s e n t r o p i c  Mach number g i v e n  as 
C a l c u l a t i o n s  were p e r f o r m e d  f o r  an i n l e t  f low a n g l e  and an 
a1 = 24" M 2 , i s  = 1 .10 ,  1 .42 
I n  t h e  compar ison o f  p r e d i c t e d  and measured / 5 /  b l a d e  i s e n t r o p i c  Mach 
number d i s t r i b u t i o n s  a t  M2 is  - 1.42  i n  f i g u r e  3 ,  agreement  appears  t o  be v e r y  
s a t i s f a c t o r y .  
I n  a compar ison o f  p r e d i c t e d  and measured / 8 /  o u t l e t  k i n e t i c  e n e r g y  loss 
c o e f f i c i e n t s ,  d e f i n e d  as 
< = [ ( p o 1 / p o 2 ) ( y - 1 ) / y  - 1 1 / [ 1 / 2  (y-1) - M 2 , i s  l  
where Po2 
a r e  < - 0.047 a t  M2 is  - 1.1.0, < - 0.032 a t  
v a l u e s  a r e  < - 0.048 a t  M2 is  - 1.10, < - 0.030 a t  M2 is  - 1 . 4 2 ,  t h u s  r e s u l t -  
i n g  i n  an e x p e r i m e n t a l  u n c e r t a i n t y  i n  t h e  p r e d i c t e d  v a l u e s  v e r y  c lose  t o  t h e  
e x p e r i m e n t a l  one.  
i s  a mass averaged v a l u e  o v e r  a b l a d e  p i t c h ,  t h e  p r e d i c t e d  v a l u e s  
M2is  - 1 . 4 2 ,  w h i l e  t h e  measured 
The good a c c u r a c y  i s  due to  t h e  use o f  a r e l a t i v e l y  r e f i n e d  m a t h e m a t i c a l  
model and o f  a n u m e r i c a l  i n t e g r a t i o n  w i t h  h i g h  s p a t i a l  r e s o l u t i o n  and reduced  
n u m e r i c a l  v i s c o s i t y .  
I f  o n l y  t h e  b l a d e  i s e n t r o p i c  Mach number d i s t r i b u t i o n s  has t o  be p r e d i c -  
t e d ,  a s i m p l e r  m a t h e m a t i c a l  model and a l e s s  r e f i n e d  n u m e r i c a l  i n t e g r a t i o n  can 
be used.  I f  t h e  two e q u a t i o n  t u r b u l e n c e  model i s  r e p l a c e d  b y  a m i x i n g  l e n g t h  
model ,  t h e  t o t a l  e n t h a l p y  i s  assumed t o  be c o n s t a n t ,  t h e  t i m e  i n t e g r a t i o n  i s  
per fo rmed w i t h  a s i m p l e  one s t e p  scheme, and i f  o n l y  a 65 by  19 c o m p u t a t i o n a l  
g r i d  i s  used,  t h e  i s e n t r o p i c  Mach number d i s t r i b u t i o n s  a r e  p r e d i c t e d  w i t h i n  an 
e n g i n e e r i n g  a c c u r a c y ,  as r e p r e s e n t e d  i n  f i g u r e s  4 ,  5 ,  9 ,  and 10. I n  / 9 /  t h e  
l e n g t h  s c a l e  o f  t h e  t u r b u l e n t  m o t i o n s  i s  g i v e n  b y  u s i n g  a c l a s s i c a l  e x p r e s -  
s i o n ,  d e r i v e d  from t h e  f o r m u l a t i o n  p roposed  b y  N i k u r a d s e  f o r  p i p e  flows and 
from t h e  Van D r i e s t  damping f a c t o r ,  I n  / l o / ,  i t  i s  s i m p l y  t a k e n  p r o p o r t i o n a l  
to  t h e  s i z e  o f  t h e  s p a t i a l  d i s c r e t i z a t i o n .  
1 1  
In the prediction of the outlet kinetic energy loss coefficient, these 
simplified solutions allow neither a qualitative nor a quantitative agreement. 
If a finer grid is used, the loss can be reduced, but the qualitative behavior 
cannot be properly reproduced. In calculations performed with a 79 by 39 
computational grid/l/, the predicted values are < - 0.054 at M2is - 1.10, 
r; - 0.055 at M2is - 1.42, while the measured values are 5 - 0.048 at 
M2is - 1.10, < - 0.030 at M2is - 1.42. 
CONCLUSIONS 
The paper has presented a method for the solution o f  the Navier Stokes 
equations in transonic cascade flow fields. 
The work has been focused on the development o f  a low-Reynolds number and 
compressible K-E turbulence model. The turbulence model includes low Reynolds 
number terms, so that the equations are valid all over the laminar, transi- 
tion, and turbulent regions. Furthermore, the model includes a density grad - 
ent term to better simulate variable density effects. 
The use of a four-stage Runge-Kutta algorithm allows one to significant 
reduce the numerical viscosity due to the dissipative terms, thus leading to 
better accuracy. 
First results o f  calculations compare favorably with experimental data. 
Y 
a 
Even if uncertainties still remain, due to the limit of the numerical solution 
algorithm (influence of grid refinement, numerical viscosity, . . >  t h e  pro- 
posed method appears to be adequate for the study of steady transonic flows in 
turbine cascades. 
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